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Seismic Risk o f Circum-Pacific Earthquakes: II. Extreme Values U s i n g
G u m b e l ' s Third Distribution and the Relationship with
Strain Energy Release
PAUL W . BURTON 1 a n d KOSTAS C. MAKROPOULOS 2

Abstract--In a previous paper (MAKROPOULOSand BURTON, 1983) the seismic risk of the circum-Pacific
belt was examined using a 'whole process' technique reduced to three representative parameters related to
the physical release of strain energy, these are: M1, the annual modal magnitude determined using the
Gutenberg-Richter relationship; M2, the magnitude equivalent to the total strain energy release rate per
annum, and M3, the upper bound magnitude equivalent to the maximum strain energy release in a region.
The risk analysis is extended here using the 'part process' statistical model of Gumbel's IIIrd asymptotic
distribution of extreme values. The circum-Pacific is chosen, being a complete earthquake data set, and the
stability postulate on which asymptotic distributions of extremes are deduced to give similar results to those
obtained from 'whole process' or exact distributions of extremes is successfully checked. Additionally, when
Gumbel III asymptotic distribution curve fitting is compared with Gumbel I using reduced chi-squared it
is seen to be preferable in all cases and it also allows extensions to an upper-bounded range of magnitude
occurrences. Examining the regional seismicity generates several seismic risk results, for example, the annual
mode for all regions is greater than re(l) = 7.0, with the maximum being in the Japan, Kurile, Kamchatka
region at re(l) = 7.6. Overall, the most hazardous areas are situated in this northwestern region and also
diagonally opposite in the southeastern circum-Pacific. Relationships are established between the Gumbel
III parameters and quantities ml(1), X2 and co, quantities notionally similar to M1, M2 and M3 although
co is shown to be systematically larger than M; thereby giving a physical link through strain energy release
to seismic risk statistics. In all regions of the circum-Pacific similar results are obtained for MI, M2 and M3
and the notionally corresponding statistical quantities m~(1), X2 and ~o,demonstrating that the relationships
obtained are valid over a wide range of seismotectonic environments.
Key words: Seismic risk; extreme values; strain energy; circum-Pacific.

1. Introduction

This paper examines the relationship between assessments of seismic risk for the
circum-Pacific belt, principally obtained using the statistical 'part process' provided by
Gumbel's third asymptotic distribution of extreme values (referred to as Gumbel III),
and that obtained from the 'whole process' analysis of strain energy release described
1Natural Environment Research Council, Institute of Geological Sciences, Murchison House,
West Mains Road, Edinburgh EH9 3LA, Scotland.
z Seismological Laboratory, University of Athens, Panepistimiopoli, Athens, Greece.
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in our previous paper (MAKROPOULOSand BURTON, 1983, hereafter referred to as
Paper I).
A major purpose of this work is to demonstrate the usefulness and veracity of
extreme value theory when applied to the estimation of earthquake occurrence and
compared with results obtained using other methods. It should be borne in mind
that the extreme value method has certain clear and obvious advantages as far as
the requisite data are concerned when compared with methods requiring the whole
data set, which is rarely completely reported: thus it is appropriate to check the
stability postulate, on which asymptotic distributions of extremes are derived from
exact distributions of extremes, by analysing an area for which there is a complete
earthquake data set. This will allow direct comparison of these two categories of
methods, namely those which need the whole data (all earthquakes) and the category
which uses extreme value statistics which need only part of the data (the largest
earthquakes). The selection of an area representative of well documented and complete
seismicity inevitably leads to an area of high seismicity, the circum-Pacific is such a
seismic zone. Paper I examined seismic risk in the circum-Pacific using the whole
data set and related the parametric results to strain energy release; here the same
data set will be examined using the largest values only to estimate the seismic risk
and demonstrate the reliability of the method, and the parametric results will also
be related to strain energy release giving a direct link with the physical process
expressed principally through the average annual strain energy release. The physically
realistic imposition of an upper limit to the size of extreme earthquakes (indeed to
all earthquake occurrence) implies the use of the third asymptote of extreme values
generating results which may be compared directly with the physical process of strain
energy release implicit in the Benioff-type diagrams of Paper I.
The occurrence of earthquakes in space and time falls under the general category
of stochastic processes, that is, mathematical models of a given physical system that
changes in accordance with the laws of probability (LoMNITZ, 1974). Various statistical
models have been applied to the analysis of earthquake occurrence with differing
degrees of success, and results are often unconvincing because of incompleteness in
the data sets or because inherent uncertainties in the distribution parameters are
simply ignored.
Earthquake occurrence models have usually incorporated the Poisson distribution,
or extended to clustering of events using Markovian models of non-independent
events. The usual expression linking earthquake magnitudes with their rates of
occurrence is due to GUTENBERGand RICHTER(1944)
log Nr

=

a --

bM.

(1)

This assumes knowledge of the whole process above a threshold magnitude, with Nc
being the annual cumulative number of earthquakes with magnitude equal or greater
than M. An obvious weakness in application can be that there is a lack of accuracy,
homogeneity and completeness of data sets analysed, particularly in the lower
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magnitude ranges. Such perturbations mainly arise from the sensitivity and temporal
variation of deployed seismograph networks monitoring seismicity.
Seismic risk and related earthquake engineering purposes usually require
estimation of return periods or probabilities of exceedance of specific levels of design
load criteria or extremal safety conditions. Thus what is of primary importance in
earthquake engineering is compatible with a need to consider extreme value distributions separately from the statistics of the whole process. Extreme value statistical
theory seems to satisfy most of the above problems and since GUMBEL'S(1935, 1967)
developments the theory has been applied to hydrological computations, climatic
evaluations (JENKINSON,1955; GRINGORTEN,1963a; KRUMBEINand LIEBLEIN,1956)
as well as to the analysis of earthquake occurrence (starting with NORDQUIST, 1945,
and many subsequent authors, for example: EPSTEIN and LOMNITZ, 1966; KARNIK
and HUBNEROVA, 1968; SCrmN~:OVA and KARNm, 1970, 1977, 1978; YErULALP and
Kuo, 1974; RADU and A~'oPE~, 1977; BURTON, t978a, 1979; BURTON, McGoN~GL~.
MAKROPOULOS and UCER, 1984; ROCA,ARROYO and SURINACH, 1984 (the last an
application for earthquake intensity rather than magnitude recurrence)). Practical
advantages of extreme value methods are known. Extreme values of a geophysical
variate are usually better known than the smaller events in a time series of data:
detailed knowledge of the parent distribution is not needed because the distributions
of extremes depend on common asymptotic properties of the rare events in the tail
of possible distributions of the variate.
Thus the use of extreme values now has a lengthy history in several branches of
science, including application to the problem of earthquake recurrence estimation.
There are several justifications for adopting extreme value distributions. There is the
practical consideration in any investigation of seismic risk that it is the extreme or
maximum events which are of most interest. Secondly, and more fundamentally, there
is considerable theoretical justification and knowledge of the behaviour of distributions of extremes. The adoption of a distribution of extremes for the earthquake
process has additional attractions when it is realised that these are often the more
reliable data available to the seismologist. GUMBEL'S (1967) treatment is lengthy,
however, the more pertinent points can readily be extracted. Exact distributions of
extremes are easily obtained for samples of size n when the initial distribution is
known. Distributions of extremes are not characterised adequately simply by medians,
modes or means: an average called the asymptotic value or characteristic extreme is
introduced, which ultimately leads to the asymptotic distributions required. First
consider exact distributions of a variate; if n independent samples of the variate are
taken then the probability that all are less than x is F"(x). Therefore, the probability
9 ,(x) that x is an extreme or maximum value is
9 .(x) = F"(x).

(2)

Put alternatively this means that ~.(x) is the probability the largest of the n samples
is less than or equal to x. Clearly, 1 - ~.(x) is the probability that x may be exceeded
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and it is assumed that the variate is continuous. If F(x) is known then qb(x) may be
calculated directly. Exact distributions of extremes have some simple properties: for
example if x is multiplied by a constant then so is the extreme value; addition of a
constant to x adds equally to the extreme value. Expanding In F(x) as a Taylor series
gives the approximation for exact distributions of extremes, that
9 .(x) ..~ e '"(1 -v(x))

(3)

The characteristic largest value u, may now be introduced for samples of size n
(usually assuming reasonably large n), given that n(1 - F ( x ) ) samples are expected
to be equal to or larger than x then u may be introduced as
F(u.) = 1 - 1/n,

(4)

which leads to the approximation that
9 .(u.) ,,~ e - 1.

(5)

The implication for any set of extremes is that approximately 36.8?/0 of them will be
below this characteristic value, about which 9 is skew. GUMBEL (1967) emphasises
for exponential type distributions that most probable extremes converge toward these
characteristic extremes; for exponential type distributions the mode converges towards
these characteristic largest values. The theoretical justification extends to both
asymptotic distributions of extreme values and also to the inclusion of variates, x,
which are limited to the right which is appropriate to the consideration of observational
estimates of earthquake magnitude. FRECHET'S (1927) stability postulate facilitates
extension to the asymptotic distributions of extremes: a sample of size n will have a
largest value; N samples of size n will have N largest values; the largest of the nN
samples will also be the extreme of the N largest values and, more fundamentally,
both the distribution of the largest value of the set of samples and of the individual
samples will be asymptotic to the same distribution. This implies that a linear
transformation of x does not change the form of the probability distribution, F(x),
that is for the extreme values
F"(x) = F(a.x + b.),

(6)

where a. and b. are functions of n. It can be shown that
In ( - In F(x))

xlnn
b.

(7)

is constant, from which Gumbel's first asymptotic distribution of extremes, or
asymptote, follows in the notation used for our present purpose in (8) below.
Additionally, if the variate x is upper bounded to the right by x <~o~then the condition
is introduced that F(og)= 1. Gumbers third asymptote may then be deduced
analytically or obtained from (8) by transformation of both the variable and the
parameters and inclusion of the new condition F(oJ)= 1; the third asymptote is
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expressed in terms of earthquake magnitude as the variate in (9). A final point to
note before proceeding with the application of the asymptotes is that although
independence of observations is required for the exact distributions of extremes, this
may not be required for the asymptotes (WATSON, 1954) where inter-dependence
between large values of the variate in the initial distribution (excluding aftershocks)
may be weak or may disappear.
Gumbel's first asymptotic distribution of extreme values (Gumbel I) arising from
(7) is of the form
G1(m) = exp { - e x p [ - a ( m - u)]}, a > 0,

(8)

having two parameters: a, and the characteristic or modal extreme u. G is the
probability that a magnitude rn is an annual extreme (of course other intervals other
than the annual may be used as convenient). This equation can easily be fitted to
data using standard linear least squares regression, and EPSTEIN and LOMNITZ(1966)
have demonstrated its relationship to the whole process of magnitude recurrence
specified by (1). However, this open ended linear form is not always seen to be borne
out by experimental observation of earthquakes leading to, for example, COR~LL
and VANMARCKE'S(1969) truncation of (1) at a limiting largest magnitude which
RICHTER (1958) suggests is about 8.5 to 9.0 for the whole world, and also to the
introduction of a quadratic term in magnitude by SACUIU and ZORILESCU(1970) and
MERZ and CORNELL (1973). The existance of an upper bound to the earthquake
magnitude that can be generated by a finite volume of strain energy storage is
physically inescapable (Esaxvn, 1976), and Paper I derives an estimate of this upper
bound based on an analysis of the whole process. The part process extreme value
distribution which has an upper bound to magnitude occurrence is Gumbel's third
asymptotic distribution, and is of the form
Gin(m) = exp

k~ - u / d

with three parameters: the upper bound magnitude co, the characteristic extreme
magnitude value u (not the modal value), and k(= 1/2) which relates to curvature of
the distribution. Inclusion of an upper bound to the variate leads naturally to the
form of (9) when asymptotic extremes are considered, this is considered here to be
an advantage compared to alternatives which, for example, directly truncate the
Gutenberg-Richter relation by imposing an arbitrary cut-off magnitude. A further
expected advantage of (9) arises simply from the fact that it is a three parameter
distribution; values of reduced chi-squared will bear this out.
This paper is a sequel to Paper I in which the whole process was used to define
seismic risk in terms of three parameters related to the physical release of strain
energy, in Paper I these are: M1, the largest earthquake expected in a year; Mz, the
magnitude equivalent to the total strain energy release rate per annum; and M3, the
lapper bound to magnitude in a region. The major purpose of this paper is to examine
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seismic risk in the circum-Pacific belt using the Gumbel III distribution with careful
assessment of all three of its parameters and to relate these to physical release of
strain energy through M~, M2, and Ma of the whole process; thereby giving a physical
link through strain energy release to seismic risk statistics.

2. Strain energy release and Gumbel I I I

The method of fitting Gumbel III to data is outlined briefly below. The method
of Paper I will then be followed to relate (09,u, 2) sets to the parameters of strain
energy release M1, M2 and Ma, thereby generating a link between the Gumbel III
parameters and the physical release of strain energy.

2.1. Evaluation o f Gumbel I I I and forecasting

Equation (9) may be rearranged as
m = oJ - (o~ - u)[ln(P(rn))] z

(10)

where Gin(m) has been replaced by P(m), denoting the probability that magnitude m
is an annual extreme. This non-linear function has to be fitted to the observational
extreme value data. The generalised technique of curve fitting used here relies
on LEVENBERG(1944) as developed by MARQUARDT(1963) and expounded on by
BEVINGTON (1969). The method used here for curve fitting and ensuing forecasting,
with modifications to be compatible with earthquake data, largely follows BURTON
(1979) and MAKROPOULOS(1978).
Annual extreme magnitudes mi are extracted from a catalogue of n-years duration,
ranked ml <<,m 2 . . . ~ mn where m, is the largest earthquake magnitude in the catalogue,
and GRINC_d3RTEN'S(1963b) 'plotting point' probability assigned at each m~
P(mi) = ( i - 0~44)/(n + 0.12), i = 1... n.

(11)

There may be j years for which there is no entry in m~ and in practice (5) is then
calculated over i = j + 1,... n; following YEGULALPand Kuo (1974). Therefore the
plotting point probability for the lowest observed extreme value becomes, using (11),
the value (j + 1 - 0.44)/(n + 0.12). BURTON (1979) noted that the procedure is satisfactory as long as j <~ n/4, which may often be achieved by using extreme intervals
other than the annual, stability in Gumbel III forecasting obtained using different
extreme intervals was demonstrated by BURTON (1981) in an area of low seismicity,
although continual reduction in the extreme intervals to short periods will inevitably
fail as both j and the level of incompleteness increases.
The manner in which the method is actually applied has several useful and desirable
properties. A weight 6rn~ may be assigned to each extreme datum m~, thus taking into
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account reliability. The method is iterative and goodness of fit obtained between the
current (c~,u, 2) set in (10) and the data (mi, P3 may be inspected after each iteration
through p, the reduced chi-squared value on v degrees of freedom; p = Z2/v. A major
advantage is obtained after acceptable goodness of fit has been achieved by then
calculating the complete symmetrical error or covariance matrix e amongst the final
parameter set (co, u, 2), where

,,ut o-L-]
4 o- .l

(12)

Knowledge of e is used to assess uncertainties in (co, u, 2) through its diagonal elements.
The importance of knowledge of all au is emphasized when it is seen that a~,~2 is
usually large and negative (BURTON, 1978a), and all au should be taken into account
when evaluating uncertainties on statistical predictions or forecasts. The condition for
a modal extreme magnitude is d2p/dm2= O, and for the next T-years the modal
extreme magnitude mr(T) is given by
ml(7) = co - (co - u)[(1 - 2)/T] ~.

(13)

The uncertainty a,, on re(T) is evaluated using all eu through
2 ~'~

2 l/c3mX~2

2 I/t~mX~2

JOm'~ 2

2

(Om\/~m'~

a,, in (14) may be calculated using partial derivatives obtained from (13), or it could
equally well be obtained using the median, mean or 'return period' estimate of re(T)
at sufficiently lengthy T-years (BURTON, 1979). For lengthy T-year predictions it follows
that
a~

2

T__+ oo > ao,.

(15)

2.2 Strain energy release
Recall that (Paper I): M1 is the most probable annual maximum magnitude (mode)
determined from the Gutenberg-Richter whole process equation (1), M2 is the
magnitude equivalent to the mean annual rate of energy release, and M3 is the upper
bound magnitude equivalent to the maximum strain energy release in a region. By
following the method of Paper I it is now possible to relate the parameters (~, u, 2) of
Gumbel III to M1 and to the physical quantities M2 and M3, which represent the
whole process of strain energy release in a region.
The mode. It is clear that the whole process annual mode M~ obtained from (1) is
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a/b, and this should be an equivalent or similar ( ~ ) quantity to ml(1) of Gumbel III
obtained by setting T = 1 in (13), that is
M1 = a/b ~ ml(1) = co - (co - u)(1 - )~)x.

(16)

T-year modes could be compared similarly using
M r = (a + log T)/b ~ ml(T ) = co -(co -- u)[(1 - 2)/T] ~,

(17)

but these would be expected to diverge at large T as ml(T)-~ co, thus reflecting to
little purpose the unbounded nature of(l) in relation to the upper bounded form of(9).
The mean annual energy release. The general methodology of Paper I is followed to
relate M 2 to (co,#,).), using the equation linking energy and magnitude of an
earthquake
l n E = A + Bin.

(t8)

The annual number of earthquakes exceeding magnitude m is given by (JENKINSON,
1955)
(co - m ) k,
N ( x >1 m) = \ - ~ u - u /

(19)

which implies
dN _
dm

k!co _ re)k- 1
(co - u) k

dN = - C(co - m) dm,

(20)

where
c = -

-

k

(co - u ) k

(21)

Annual energy release dE attributed to earthquakes in the range dm is using (18)
dE = eA+BmdN.

(22)

Total annual energy release TE is obtained using (20) in (22) and integrating over all
possible magnitudes to give
eB,,,(co _ m)k- 1 dm.

(23)

T E = Ce A + B~ ~ e - B x x k - 1 dx,

(24)

TE = Ce A
-oo

Changing variables to x = co - m,

0

and recognising the integral as F(k)/B k where F(k) is the normal symbol for the
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Gamma function, then

TE = CeAeB~ k).

(25)

Using (18) to express this annual total energy release as an equivalent magnitude
X2 finally gives
M2~X2=co+

1

(CF(k)~

I n \ Bk j.

(26)

This magnitude X2 defined in terms of (co, u, 2) should be an equivalent or similar
quantity to M2 of Paper I. Evaluations of X2 later in this paper use B~TH'S (1958)
constants in (18), but note that natural logarithms have been used which means that
B = 1.44 In 10 is appropriate in (26).
The upper bound earthquake co is the upper bound to magnitude from the (co, u, 2)
set. It is clear that co is notionally equivalent to M3 of Paper I, no matter whether
M3 is determined analytically (equation (17) of Paper I), or graphically from the
cumulative strain energy release diagrams of Paper I.
However, there is a conceptual difference between M3 and co. The latter corresponds
to a theoretical infinite return period corresponding to the statistical upper limit to
the variate whereas M3 corresponds to finite, rather than infinite, waiting time.
Although the uncertainties on co, which are usually large (BURTON, 1979), may be
found to encompass M3, the conceptual difference between co and M3 leads us to expect
co - M3/> 0.

(27)

3. Application of Gumbel III to circum-Pacific earthquakes
3.1. The data and their analysis
Seismicity of the circum-Pacific belt is analysed here in two time periods from
1897 to 1964 as in Paper I, and secondly from 1897 to 1975 inclusive. The data come
from DUDA'S (1965) catalogue, supplemented by GUTENBERGand RICHTER(1954) and
the BGS Seismicity File (BURTON, 1978b) since 1956 in those years for which Duda
has no entry. Duda's sources are principally GUTENBERG and RICr~TER (1954) for
1904-1952, with the revised surface wave magnitudes of RICHTER (1958) converted
from the unified magnitude. Comments on magnitude accuracy in these original
sources lead us to estimate weights on the extracted annual extremes as indicated in
Table 1.
Annual extreme magnitudes are extracted for each of the seven regions of the
circum-Pacific belt, ranked, and 'plotting point' probabilities assigned as in the manner
associated with (11). The parameters (co,u, 2) of Gumbel III are then estimated using
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Table 1
Weights estimated on annual extremes of magnitude dependent on the original source material used by
DUDA (1965). Annual extremes o f ma#nitude are nost/y extractedfrom DtIDA'S (1965) catalogue
Sub-period
years

1897-1903
1904-1917
1904-1917
1918-1953

1954-1975

Duda's source

GUTENBERG
(1956)
GUTENBERG
and RICHTER(1954)
DUDA'S(1965) addition of 146 events
GUTENBERG
and RICHTER(1954)
Case a (when magnitude assigned to a tenth of a unit)
Case b (when magnitude assigned to the nearest quarter)
Case c (when as Case a but with the addition of +)
Case d (when as Case b but with the addition of +)
DUDA (1965), BURTON(1978b) 1

Weight assigned
i.e. 6m~

+0.6
+0.6
+0.4
+0.3
+0.4
+0.4

+0.5
+0.3

i Not used by Duda.

the methodology of section 2.1, and the parameters (u, l/a) of Gumbel I are estimated
using standard least squares regression for comparison purposes.

3.2. Discussion of parametric results
The parameters with uncertainties for Gumbel I and III applied to seven regions of
the circum-Pacific are listed in Tables 2 and 3, for the two time periods, 1897 and
1964 and 1897-1975 respectively. Observed annual extreme magnitudes and the two
corresponding extreme value distribution curves fitted are shown in Figure 1 for
South America (that is Region 1) and summarized for all seven regions and the world
as a whole in Figure 2. Tables 2 and 3 each contain two additional columns of
information beyond the Gumbel I and III parameters: the number of 'missing years'
for which no extreme value is available is entered and is consistently considerably less
than n/4 (see (11)), and the difference between the goodness-of-fit to the data obtained
using Gumbel I and III is expressed as the difference in respective reduced chi-squares
as pa - p 3 . Table 3 also lists the largest observed magnitude in each of the regions
during 1897-1975.
pl - p 3 values show in all cases that Gumbel III produces lower reduced chisquared than Gumbel I, and is preferable on these grounds alone. It would have
been a surprising result if a three parameter distribution failed to show better fit than
one of two parameters. The lowest pl - p3 of 0.05 is observed in Region 6 (New
Hebrides, Solomon, New Guinea) and not surprisingly corresponds to minimum
curvature or 2. M a x i m u m pl - p3 is 0.348 for Region 4 which shows a well formed
curved third asymptotic distribution, u of Gumbel III is welt determined with low
~ru in all cases. When a region shows little curvature, accompanied by small 2 and
high o~, then the parameter uncertainties are larger. When the period examined extends
to 1975 in Table 3 then these values tend to show increasing stability. Statistical
stability is examined in detail in Table 4 because it is a basic assumption of this
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8.7

8.6

8,9

Observed
maximum
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(a) Asymptotic distribution curves of extreme values of magnitude for South America (Region I) for the
period 1897 1964. Straight line indicates the first type of extreme value distribution, curved line indicates
the third type, + indicates observed annual maximum magnitude. Subsidiary x axis represents the probability of a magnitude being an annual extreme, and its return period in years, and the reduced variable Y
in the x axis is - l n ( - l n P). (b) Asymptotic distribution curves of extreme values of magnitude for South
America (Region 1), for the period 1897-1975. (Explanation of symbols as in (a)).
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(a) Asymptotic distribution curves of extreme values of magnitude summarized for the seven regions
(DUDA, 1965) of the circum-Pacific belt, labelled R1-R7, and the world as a whole, for the period 18971964. (b) Asymptotic distribution curves of extreme values of magnitude summarised for the seven regions
(DUDA, 1965) of the circum-Pacific belt, labelled R1-R7, and the world as a whole, for the period 18971975. (Explanation of symbols as in Figure l(a)),
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Table 4

Test of statistical stability on m1(75)
Sample period (years)
35
45
Region

rex(75)

1

9.2 __+1.3"
8.9+ 1.0
8.7 _ 0.9
9.0 ___0.8
9,0 _+ 0.9
8.8 _+ 0.9
8.8 • 1.0

2
3
4
5
6
7

9.1 + 1.4
8.8+ 1.1
8.9 -I- 1.2
8,9 -I- 0.8
9.0 __+0.8
8.9 +_ 1.0
8.8 • 0.9

55

65

75

9.0 __+1.I
8.7-t-0.8
8.8 _+ 0.9
8.9 + 0.9
8.9 _+ 1.0
8.7 _+ 1.0
8.7 __+0.9

8.9 _+ 1.0
8.7___0.7
8.8 +_ 0.9
8.9 _ 0.9
8.9 • 0.9
8.7 _+ 1.1
8.6 • 0.9

8.9 + 1.0
8.7+0.8
8.8 __+1.0
8.9 • 0.7
8.9 • 1.0
8.7 + 1.2
8.6 + 0.6

* The uncertainties are the ranges in which the mode with return period T = 75 years m t(75) will lie with
probability 95~.

model that future seismicity will be similar to that in the past. Table 4 shows the
75-year modal earthquake m1(75) determined using increasing periods of time sampled
from the catalogue, and it is clear that although statistical stability increases with
the sample period, it is effectively stable over the whole range of sample periods used.
However, values of co for almost all regions are higher in Tables 2 and 3 than
that for the world as a whole, but when individual values of o-,oare taken into account
all are compatible with a World co in the range 9.0-9.5 using surface wave magnitude,
Ms, data. The circum-Pacific belt is the most active in the world with observed
magnitudes as high as 8.9 and no region with an observed maximum less than 8.6.
A magnitude range of 9.0-9.5 as an upper bound to future events seems realistic; the
influence of magnitude saturation is discussed below. It should be noted that co is
obtained as one parameter of a distribution, fitted to data, designed for seismic risk
estimating whereas M3 is obtained as a direct measure of the limit to potential strain
energy release. Figures 2(a) and (b) show that the regional Gumbel III curves are
upper bounded by the world curve and lower bounded by Region 7 (New Zealand,
Tonga, Kermadec), which shows the lowest seismicity and least number of shallow
earthquakes of all the seven regions.
3.3. Regional variations in seismicity
Prediction or forecasts. Given the established statistical stability of the data, the
Gumbel III distribution derived from the longest available period (1897-1975) may
now be used to establish a contemporary view of the seismic risk equivalent to
prediction of future occurrences of large earthquakes if time invariance is accepted.
Note that it is prediction or forecasting using the entire Gumbel III distribution
which is relevant, rather than individual parameters co, u, or 2. Table 5 lists modal
magnitudes expected to be exceeded once during the next 1, 10, 20, 50 and I00 years
in each of the seven circum-Pacific regions and in the World as a whole.
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Table 5

Predicted most probable laroest earthquake magnitude (mode ml(T)) for return periods T of 1, 10, 20, 50
and 100 years
Return period (years)
1
10
Region

20

50

100

ml(T)

(1) South America

a
b

7.2 + .1
7.2 + .1

8.3 + .1
8.3 -t- .1

8.5 + .1
8.5 + .1

8.8 + .1
8.7 ! .1

9,0 _+ .2
8.9 + .t

(2) North America

a
b

7.4 + .1
7.4 ___.1

8.3 + .1
8.3 + .1

8.5 + .1
8.4 + .1

8.6 + .2
8.6 + .1

8.7 + .2
8.7 + .2

(3) Aleutians, Alaska

a
b

7.0 ___.1
7.0 ___.1

8.2 + .1
8.2 + .1

8.4 + .1
8.4 + .1

8.7 + .1
8.7 + .1

8.9 + .2
8.8 + .1

(4) Japan
Kurile
Kamchatka

a

7.6 +__.2

8.5 ___.1

8.7 4- .1

8.8 • .1

8.9 + .1

b

7.6 +_.1

8.5 + .1

8.6 _ .1

8.8 • .1

8.9 + .1

(5) N Guinea, Banda Sea
Celebes, Moluccas
Philippines

a

7.5 + .1

8.5 + .1

8.6 + .1

8.8 + .2

9.0 + .2

b

7.5 _+ .1

8,4 _+ .1

8.6 _+ .1

8.8 + .1

8,9 _ .1

(6) N. Hebrides
Solomon
N. Guinea

a

7.4 +__.1

8.2 + .1

8.4 • .1

8.6 + .2

8.7 + .3

b

7.4 + .1

8.2 ___.1

8.4 + .1

8.5 ___.2

8.7 -I- .2

(7) N. Zealand
Tonga
Kermadec

a

7.2 + .1

8.2 + .1

8.4 __+.1

8.5 __+.1

8.6 _+ .2

b

7.2 __+.1

8.2 + .1

8.3 -I- .1

8.5 -- .1

8.6 + .1

a
b

8.3 + .1
8.3 + .1

8.8 -I- .1
8.8 + .1

8.9 + .1
8.9 + .1

9.0 • .1
9.0 • .1

9.0 + .1
9.0 + .1

World

a: Using parameters estimated from sample period: 1897 1964
b: Using parameters estimated from sample period: t897-1975s ep~

Magnitude saturation of t h e s u r f a c e - w a v e scale has b e e n p o i n t e d to as a p o s s i b i l i t y
by KANAMORI (1978) for g r e a t e a r t h q u a k e s w i t h fault l e n g t h s e x c e e d i n g 60 kin, a n d
a n y i m p a c t of this o n the a b o v e f o r e c a s t s c a n be easily e s t i m a t e d . K a n a m o r i f o u n d
f o u r g i a n t e a r t h q u a k e s in t h e c i r c u m - P a c i f i c b e l t w h i c h o n his Mw scale e x c e e d 9.0:
C h i l e ( R e g i o n 1)

1960 M a y 22

9.6M w

(8.3M~)

A l a s k a ( R e g i o n 3)

1964 M a r c h 28

9.2 Mw

(8.4 Ms)

A l e u t i a n I s l a n d s ( R e g i o n 3)

1957 M a r c h 9

9.1 M ~

(8.25 Ms)

Kamchatka

1952 N o v e m b e r 4

9.0 M ~

(8.4 Ms)

( R e g i o n 4)

T h e l a r g e s t d i s c r e p a n c y in M ~ -

M s is g i v e n b y t h e C h i l e e a r t h q u a k e a n d r e - a n a l y s i n g

R e g i o n 1 u s i n g 9.4 Mw as t h e l a r g e s t e x t r e m e v a l u e g e n e r a t e s a n (co, u, 2) set of
(11.05 + .34, 7.07 ___ .03, .158 + .018) w h i c h g e n e r a t e s m o d a l e a r t h q u a k e s :

ml(1)=

7.2 _ .1, ml(10) = 8.4 + .1, m1(50) = 8.9 __+.2, a n d ml(100) = 9.2 + .2 for one, ten, 50
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and 100 years respectively. Comparing these results with Table 5 shows they do not
differ significantly from those obtained without 9.6Mw for the 1960 earthquake.
Considering that the adjustment 8.3 Ms to 9.6 Mw is the most dramatic adjustment
to magnitude indicates that these few cases of saturation do not produce a significant
bias in the prediction procedure using Gumbel III. Although the prediction capability
of Gumbel III is not likely to show significant bias over none infinite forecasting
durations using M s it is clear for very large magnitude earthquakes that Mw > M~.
A real difficulty arises in that simple correlations between Ms and Mw wilt not provide
reliable and consistent results for all available Ms: KANA~ORfs (1977) original data
show at least as many decreases in M~ as there are increases when compared with
the corresponding Ms value. Scaling laws related to earthquake spectra and physical
dimensions of earthquake fault length had previously demonstrated (AKI, 1972)
divergence between surface wave magnitudes, M~, and body wave magnitudes, mb,
compared with the 'co-square' model of earthquake spectra. Divergence increases with
increasing Ms and ultimately the seismic moment, Mo, takes over from Ms as a better
representation of large earthquake size. Until complete seismic moment estimates are
available for a lengthy period, thus facilitating complete Mw catalogues (although
the analysis would then be performed preferably on a simple function of Mo), a more
refined analysis will not be forthcoming. Estimates of upper bounds to earthquake
magnitude, rather than seismic risk forecasts, might be modified for example by
converting M3 to M~ using any acceptable relation between Ms and M~ at large
values of Ms only.
Regional seismicity. Several brief conclusions may be drawn from Table 5 on the
regional seismicity:
i) The annual mode for all the regions is greater than m = 7.0 with the maximum
being in Region 4 (Japan, Kurile, Kamchatka) with re(l) = 7.6.
ii) During the next 10 years (after 1975) a maximum magnitude earthquake exceeding
mOO) = 8.2 is expected in almost every region in the circum-Pacific belt. This
may be as high as m(10) = 8.5 for Region 4. Likewise, for the next 20 years a
maximum magnitude earthquake is expected which may exceed 8.3 (Regions 6
and 7), 8.4 (Regions 2 and 3), 8.5 (Regions 1 and 5) and 8.6 (Region 4).
iii) The regions in which events with predicted maximum magnitude expected to
exceed 8.8-8.9 during the next 100 years are: Region 1, Region 4 and Region 5.
These regions are situated in the northwestern (Region 4 and Region 5) and
southeastern (Region 1) part of the circum-Pacific belt, diagonally opposite each
other. This is compatible with the results of Paper I using the strain energy
release method.

4. Conclusions: strain energy release and Gumbel III compared

For each of the seven regions both the annual mode, and the magnitude which
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Table 6

Comparison between the parameters derivedfrom the strain energy release and third type asymptotic methods
of Gumbel III
Region

Ma

ml(1)

M2

X2

M3

e~ + a,~

p3

1
2
3
4
5
6
7

7.25
7.34
7.07
7.52
7.48
7.35
7.08

7.21
7.37
7.00
7.61
7.53
7.35
7.19

8.03
7.94
7.89
8.20
8.12
7.90
7,86

8.06
7.95
7.93
8.16
8.16
7.91
7.78

9.10
9.00
8.78
8.96
9.04
8.83
8.97

10.16 _+ 1.2
9.14 _+0.5
9.66 +_0.6
9.30 + 0.4
10.00 _+ 1.1
9.44 + 1.1
8.95 +_0.4

0.07
0.03
0.09
0.07
0.02
0.08
0.05

World

8.09

8.30

8.68

8.49

9.52

9.23 __+0.25

0.03

corresponds to the mean annual energy release, are calculated using (16) and (26)
respectively. These are tabulated in Table 6 with the upper limit co. This table also
lists values of M1, Mz and M3, calculated in Paper I for each region. A comparison
can be made between M1 and ml(1), M2 and X2, whereas M3 is expected to be within
the range of co, although less than co.
Table 6 reveals some of the most significant features of this study. From the
remarkably similar results for M2 and X2 as well as for M1 and rex(l) we can draw
several conclusions. The relations obtained between the parameters of the two different
procedures used to describe the same phenomenon, are valid over a wide range of
seismotectonic environments. Equation (16) simply records the annual mode determined from the Gutenberg-Richter frequency-magnitude and Gumbel III distributions. More importantly (26) provides a direct link between the physical process
of strain energy release and the parameters of Gumbel III, expressed through the
mean annual energy release in the region under investigation. In all regions M3 is
less than co (Region 7 being an exception where M3 ~ co), although this is not statistically significant in an individual region: this is compatible with our physical
interpretation of co and M3 in that co corresponds to a magnitude with a theoretically
infinite return period (a weakness of Gumbel III) whereas M3 is seen to have
(Paper I) a finite 'waiting time' between expected occurrences. This physical interpretation is strengthened further by testing the means of regional co - M 3 values
against an assumed mean of zero; this may be rejected beyond the 1% significance level
demonstrating that co systematically exceeds M3 as indicated in (27) for the regions.
A footnote to this is provided by considering all great earthquakes for the world on
a non-regional basis' when it is seen that calculation of the potential limit to strain
energy release with a finite waiting time between such events now becomes similar
t o co.

Region 3 has its own significance. It shows the highest value of reduced chisquared P3, that is the worst fit, of all the regions examined. DUDA (1965) also found
this to be the case using the Gurenberg-Richter frequency-magnitude formula and
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commented 'this may be caused by the superposition of two natural populations
of earthquakes'. Gumbel III for Region 3 (Aleutians, Alaska) might be similarly
influenced by such a seismic feature producing this relatively poor fit, despite the fact
that this distribution involves fitting using three rather than two parameters in the
distribution.
The centres of highest seismic activity in the circum-Pacific belt are diagonally
opposite each other, and this presumably relates to the tectonic movement of the
Pacific plate (DUDA, 1965). The seismicity of this region is expected to generate great
earthquakes which may exceed 8.2 in almost every region in the circum-Pacific belt
during 10 years. Regions 1, 4, and 5 are the regions in which an earthquake with
magnitude 8.8 to 8.9 is expected to be exceeded at least once during 100 years.
In general we conclude that the methodology of the Gumbel III asymptotic
extreme value distribution described here, and the strain energy release method
described in Paper I, provide a mutually compatible description of the seismic features
of a region (which here is one of very high seismicity). In particular we conclude that
X2 of (26) gives the mean annual rate of seismic strain energy release in a region in
terms of the Gumbel III parameter set (co,u, 2); thus compatibly linking Gumbel III
with parameters of the physical process. Finally, the use of complete earthquake data
sets in both Paper I and here leads to compatible results between whole- and partprocess statistics, this demonstrates clear consistency with the stability postulate
from which asymptotic distributions of extremes are deduced and provides further
confidence in this increasingly used method.
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